We present the extension of the method of imbedding a mass into cosmology proposed by Gautreau, for the case of a Reissner-Nordström charged mass. We work in curvature coordinates (R, T ) where the coordinate time T is measured by clocks at fixed points R = const., and geodesic coordinates (R, τ ) where τ is the time recorded by clocks moving along the radial geodesics. The Einstein equations are solved for a energy-momentum tensor which is composed of a cosmological fluid and an electrostatic field outside a radius R b . Inside R b we have a part of cosmological fluid plus a Reissner-Nordström charged mass. We offer metrics for a Reissner-Nordström charged mass imbedded into different cosmological scenarios with zero curvature. An important consequence of our results, is that orbits will spiral when a charged mass is imbedded into a cosmological background. We found the generalized equation for the change of orbital radius, by using geodesic coordinates. Some criticism to the Newtonian calculation done by Gautreau for the orbital spiralling is discussed.
I. INTRODUCTION
It's well known that the Reissner-Nordström metric describes the gravitational field due to a charged mass into an empty background. Despite the importance of this result in the context of general relativity, one must consider the more realistic case where the charged mass is imbedded into a cosmological background. Therefore, is worth to study the properties of the spacetime of a mass charged into a non-empty universe.
McVittie [1] was the first one who provided a metric for a Schwarzschild mass immersed into a cosmological background. By using isotropic coordinates, McVittie matched the Friedmann-Lemaitre-Robertson-Walker metric with the Schwarzschild metric. From a different point of view, Einstein and Straus [2] studied the problem, by cutting a spherical region in a cosmological background. In that 'hole', they immersed a Schwarzschild mass and discussed the conditions to join both metrics, however they did not provide any specific metric. Considering a spatially flat Robertson-Walker cosmological fluid with pressure, Bona and Stela built their "Swiss cheese" model inspired in the early McVittie metric.
By introducing charged black holes, Kastor and Traschen [4] found a solution which describes the dynamics of a set of extremal charged black holes immersed in a de Sitter universe. More recently by using isotropic coordinates, Gao and Zhang [5] extended the McVittie solution considering a Reissner-Nordström black hole. Posada and Batic [6] studied the electrovac universe with a cosmological constant.
In two seminal papers, Gautreau [7, 8] developed a method for imbedding a Schwarzschild mass into a cosmological background, by working with curvature coordinates (R, T ) and geodesic coordinates (R, τ ). The Gautreau's method is based on a splitting of the spacetime in two regions, where the region inside some radius R b is composed of a part of cosmological fluid plus the Schwarzschild mass. Outside R b the energy-momentum tensor is described by a radially moving geodesic cosmological fluid. Gautreau provided examples of his imbedding method for different cosmological scenarios. An important conclusion from his work, is that planetary orbits will spiral when a Schwarzschild mass is immersed into a general universe.
In this report, we extend the Gautreau imbedding model, by considering a Reissner-Nordström charged mass. In section II we summarize the relevant expressions from references [7, 8] , particularly the metric forms and Einstein equations. The main difference will be in the energy-momentum tensor outside the region R b where we now have an additional contribution due to the electromagnetic tensor. In section III, we apply our results to immerse a charged mass into a de Sitter universe. In section IV we apply the Gautreau method to describe a Reissner-Nordström charged mass into an Einstein-de Sitter universe, which consists of a pressureless spacetime with Λ = 0. Finally we immerse a Reissner-Nordström metric into a general universe.
II. EINSTEIN EQUATIONS FOR AN IMBEDDED MASS
In the following, we will summarize the relevant equations from references [7, 8] . In curvature coordinates (R, T ), the most general spherically symmetric line element that one can write is
(1) The physical meaning of the coordinate time T , is that it's recorded by clocks located at points with R = const. On the other hand, one can describe the spacetime by using geodesic coordinates (R, τ ) where the geodesic time τ is recorded by clocks moving along geodesics. The transformation between T and τ is given by
where m = +1 or −1 depending, respectively, whether the particle moves increasing or decreasing R. The parameter k is associated to the energy per unit of mass of the particle moving along a geodesic. In terms of the coordinates (R, τ ), the metric (1) can be written as
We want to solve the Einstein equation
where we are using geometrized units G = c = 1. From the metric (1), the relevant Einstein's equations at first order in the metric components are
Note that these equations are valid in general for any energy-momentum tensor, which we will specify later. Given the set of equations (6)- (8), Gautreau proposes to solve them by recognizing T µ ν as a function of the curvature coordinates (R, T ), therefore they can be integrated. From (6) we can obtain then
from (7) by using (6) we can obtain for f (R,
The component T 1 0 can be obtained easily from (8)
Instead of working with curvature coordinates, Gautreau [9, 10] showed that is advantageous to change to geodesic coordinates, which provide new features of the spacetime important in cosmology, which are unrecognized in the curvature coordinates formalism. Using the transformation (2) and (3), the Einstein equations (6)- (8) takes the form
where we use τ µ ν to denote the energy-momentum tensor in coordinates (R, τ ). Following the notation of reference [8] , we use partial derivatives explicitly when we use geodesic coordinates (R, τ ), to differentiate from curvature coordinates (R, T ) where we use commas to denote derivatives. Using the same procedure as in (9)- (11), we obtain the following
Following the Gautreau's method, we break the spacetime in two regions delimited by a radius R b . The inner region R ≤ R b will be composed of two parts: a ReissnerNordström charged mass (RN) and a perfect cosmological fluid
In the region R > R b we will have the contribution of a perfect cosmological fluid plus an electromagnetic field (em)
The cosmological fluid is described by
where the particles are moving along radial geodesics. The non-zero components of (20) are (Eqs. (2.9) reference [8] )
In our description, we have an additional contribution due to the charge of the particle, which will be determined by the electromagnetic tensor
Consistent with the symmetry of the problem [11] , we consider only electrostatic fields, i.e., only F 01 = 0, with the rest of components vanishing 1 . From the relation F µν = A ν,µ − A µ,ν we have
From (4), (25) and (26), the relevant non-zero components of τ
A worth point to mention, is that the energy parameter k(R, τ ) appears explicitly in the electromagnetic tensor components. Following the procedure described in [8] , the field equations (15) -(17) in the region R > R b are
Now, we complete our model with the description of the energy-momentum tensor inside R b . One contribution comes from τ 0 0 = −ρ, which is the cosmological fluid, and the other contribution is just the imbedded spherical mass M. In the region R < R b we have then
where the spherical mass M is defined as 1 The Maxwell equations ∇µF νµ = 4πJ ν and ∇ [µ F νλ] = 0 also admits solutions with F 23 = 0, which would indicate a magnetic monopole. However, we don't consider this situation in our treatment.
Note that the integral that involves the electric potential φ, can be rewritten in terms of the charge distribution. In that order, we recall that the potential due to a spherical charge is given by φ = − 1 4π q R . Using this relation jointly with (31) and (32), Eqs (28)-(30) becomes
(35) where we have defined q ≡ 4πQ. In the next sections, we will apply our results for the case of imbedding a charged mass into different cosmological scenarios.
III. A REISSNER-NORDSTRÖM MASS IMBEDDED INTO A DE SITTER UNIVERSE
A de Sitter spacetime corresponds to a cosmology with no matter, where the dynamics of the universe is driven by a cosmological constant. In this scenario we have ρ = 0, such that from (34) and (35) we have
where (36) can be interpreted as flux of energy (due to the electric field) through a surface R =const. We also have a non-zero pressure, which can be associated to the electric field produced by the charge. Note that if we have Q = 0, we recover the results in [8] as must be expected. From (33) we have
and the metric (4) in geodesic coordinates (R, τ ) gives
The transformation relations (2) and (3) takes the form
and the metric (1) in curvature coordinates (R, T ) gives
If we set Λ = 0 we have the Reissner-Nordström metric, while if we set Q = 0 we recover the Kottler metric [12] . Therefore, the metric form (42) can be recognized as the description of a Reissner-Nordström charged mass imbedded into a de Sitter universe. Note that if we consider the situation Q = 0 we recover the results in [8] , as is expected. Note also, that the energy parameter k(R, τ ) appears explicitly in 42, because we don't have a cosmological fluid to attach clocks. Once we introduce a cosmological fluid, we can consider k = 1 even though we don't have a homogeneous situation (see argument in [8] ). We discuss this situation in the next sections.
IV. REISSNER-NORDSTRÖM CHARGED MASS IMBEDDED INTO AN EINSTEIN-DE SITTER UNIVERSE
An Einstein-de Sitter universe corresponds to a scenario with Λ = p = 0. Under this condition, (35) gives
(43) where we have set k = 1 considering that we have a cosmological fluid to attach clocks. After substituting (33) in (43) we obtain
Following [8] we introduce the definition
Using (45) in (44) we have
(46) and (33) takes the form
Note that if we set Q = 0, results (44)-(47) reduces to those in [8] . The metric (4) in coordinates (R, τ ) takes the form
The transformation (2) between the time coordinate T and the geodesic time τ becomes
when R → 0 (49) must satisfy τ , T → 1 (flatness condition). Finally, the metric (1) in curvature coordinates takes the form
where f (R, τ ) will be determined from the solution to (49). In the Einstein-de Sitter universe the density is given by
Note that if we substitute (51) in (45) and we integrate it, after substitution in (50) we obtain the Einstein-de Sitter universe in curvature coordinates [7] . That particular scenario corresponds then to a Reissner-Nordström charged mass imbedded into an Einstein-de Sitter universe. In the next section we consider a general cosmology.
V. IMBEDDING A REISSNER-NORDSTRÖM CHARGED MASS INTO A GENERAL COSMOLOGY
We can extend our methods above, to consider the case of a charged mass imbedded into a general universe with ρ = 0 and p = 0. If we substitute (33) in (35) we obtain
which provides a relation between density and pressure. Once we know the state equation p = p(ρ), we can solve (52) to find ρ(R, τ ). Using (45) and (33), the geodesic metric (4) takes the form
From (34) the flux of energy through a surface R = const., gives
which corresponds to the energy due to the electric field (Eq. 36), plus a contribution of the cosmological fluid. The transformation (2) between curvature coordinates (R, T ) and geodesic coordinates (R, τ ) takes the form
which must satisfy τ , T → 1 for small R. Finally, the metric for a Reissner-Nordström mass imbedded into a general universe in curvature coordinates (R, T ) is
where f (R, τ ) is determined from the solution to (55). Note that if we set Λ = 0, our result coincides with the metric found by Gao and Zhang (Eq. 32 reference [5] ). If we set Λ = ρ = p = 0 we recover the Reissner-Nordström solution, while if we set M = Q = 0 we have a cosmological metric for a general function p = p(ρ). If we set Q = 0 in (56) we recover the results of [8] as must be expected.
VI. EQUATIONS OF MOTION IN GEODESIC COORDINATES
Now that we have extended the Gautreau's imbedding method considering a Reissner-Nordström charged mass, our last step will be to provide the geodesic equations. The difference of our approach with the one developed by Gautreau [8] , is that we will use the geodesic metric form (4), while Gautreau used the curvature form (1) . The geodesic equations are given by
where
ds , and we take s as the proper time along a particle's trajectory. From (4), the relevant affine connections are We can specialize to the case θ = π 2 such that V 2 = 0. Using (58) in (57) we have
where (62) is just the normalization condition g µν V µ V ν = −1. We notice that (61) can be rewritten as
which implies
where L is the angular momentum per unit of mass. Note that (64) is just the angular momentum conservation. One important result found by Gautreau by using curvature coordinates [8] , is that planetary orbits will spiral when a Schwarzschild mass is imbedded into a cosmological background. In the following we arrive to the same conclusion, with the difference that we work in geodesic coordinates (R, τ ). Let's assume a planetary circular motion, i.e.,
We will show that this condition can't be satisfied if we want to satisfy the EOM (59)-(62). Therefore R =const., which implies that there is a spiralling of orbits. Using condition (65) we can write
using (66) in (59) we have
We can rewrite (62) in terms of L like
Using (68) in (60) we obtain
We started with the condition R = const., which makes the right side of (69) constant, however if A is function of τ , the left side is not going to be constant. This contradiction leads us to conclude that the condition R = constant, is not consistent. Only for the case of a ReissnerNordström-de Sitter spacetime (RNS)(38), where A is not a function of τ , the orbit radius will be constant. However, in the most general case where A = A(R, τ ) the radius of the orbit will change. Note that for the (RNS) case, the second term to the left of (69) vanishes, which reduces to the expression found by Gautreau (Eq. (6.12), reference [8] ). Therefore, we can consider (69) as the generalization of the equation for the orbit spiralling, in geodesic coordinates. Once we choose a cosmological model, we can determine A(R, τ ) and use (69) to find the equation for the radius of the orbit.
In order to provide a magnitude of the spiraling of an orbit, Gautreau makes an estimate using Newtonian physics (Eq. (6.26b) reference [8] ). From his calculation, Gautreau concludes that changes in the orbital radius at the scale of our solar system are negligible, but these becomes appreciable at the scale of R ≈ 25Kpc. Criticism can be raised about his development. In principle, his Newtonian approximation is unrelated to his imbedding formalism, which provides a new way to consider cosmological theory. A more realistic and consistent calculation, would involve to solve the EOM (59)-(62) in order to obtain an equation for dR dτ . We see the high complexity of the equations due to the mixed terms (V 0 V 1 ), which makes a hard task to solve them. Instead of that, we can use the curvature coordinates (R, T ) which provides more simple EOM (see Eqs. (6.3)-(6.5) reference [8] ). However, the metric component B(R, T ) depends on the function τ , T , which is not easy to solve in principle. If I am allowed to speculate here, I suggest that using numerical methods might help to find approximate solutions. This problem will be left for future investigation.
VII. DISCUSSION
We have extended the Gautreau's imbedding method, by considering a Reissner-Nordström charged mass. We worked in curvature coordinates (R, T ) where T is associated to times recorded by clocks at fixed points R = const. However, we can also work cosmological theory by introducing geodesic coordinates (R, τ ), where τ is the time recorded by clocks radially moving along geodesics with the cosmological fluid. One important consequence of our description, is that when we immerse a mass into a cosmological background, planetary orbits will spiral. We found that only for the (RNS) field, where the metric component A is independent of τ , the orbit radius will be constant. However, in a more general cosmological scenario, the orbit radius will change.
We raised some criticism to the equation for the orbit change found by Gautreau, considering that his approach involved a Newtonian calculation, which is not consistent with the imbedding formalism developed previously. In order to obtain an equation for the orbital change, which will be more consistent with the formalism developed, it's necessary to solve the EOM (59)-(62). The complexity of these equations, will require perhaps, to use numerical methods in order to find approximate solutions. That problem is left open for future investigation.
